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Reduced-Order Model Based Control of the Flexible,
Articulated-Truss Space Crane

Brian T. Bansenauer * and Mark J. Balas1^
University of Colorado, Boulder, Colorado 80309

The large size and extreme flexibility of an articulated space crane entail tremendous difficulties in precision
positioning. We demonstrate the application of a low-order control strategy for the flexible system using a linear,
Timoshenko beam finite element model. The model captures the system's low-frequency characteristics. From
selected modes of the finite element model, we design a reduced-order model (ROM) controller based on an
arbitrary crane configuration. The ROM controller rotates the fixed-shape crane about the base alpha joint to
actuate position control. This constructive control design takes place in two pieces: design for performance and
compensate for stability. Ignoring the presence of residual modes, we design the low-order control law to achieve our
performance criteria. Eigenvalue analysis of the closed-loop system, however, shows the destabilizing interaction of
the ROM controller with residuals. Adding a parallel bank of residual mode filters, we restore system stability and
performance, without redesign of the original controller. Finally, numeric simulation of the controlled finite element
model reveals the effectiveness of a ROM-based control law with residual mode filter compensation. Application
to a large-scale data-base highlights the utility of this low-order, noniterative controller design.

Space Crane Control Introduction

T HE design of an articulated space crane began under NASA's
Pathfinder program. The crane is foreseen as a necessary tool

to assemble large structures in space (Fig. 1). It also represents
a control problem of great interest, pushing the limits of robotics
and flexible structure control. The performance requirements of an
articulated crane will be stringent, but the large size and extreme
flexibility of the crane create major difficulties in precision posi-
tioning. To be useful as a construction tool, the crane must combine
quick maneuvering with accurate positioning, as well as safe and
stable operation. A rigid-body approximation of the crane is inad-
equate to meet these control criteria; closed-loop, flexible structure
control is essential to achieve the desired performance.

Yet, any control law which tried to capture all of the dynamics
involved would be much too complicated to implement in real time.
A controller for the articulated space crane must make use of a
low-order control strategy. In doing so, however, the interaction of
unmodeled structural dynamics with the controller can destabilize
the system.1"3

As a first step toward control of the articulated crane, we exam-
ine the linear, fixed crane system. Here, the crane is given a spe-
cific configuration, and the corresponding controller is based on the
mode shapes and mode frequencies of the particular crane orienta-
tion. The crane maneuvers via rotation about the base, alpha joint
(Fig. 2). During operation, this type of slue with all other joints
locked could quickly and safely reposition the crane for some new
task.

This paper models the three-dimensional truss crane with beam
elements. Using beam elements reduces by an order of magnitude
the several thousand degrees-of-freedom, full truss model. Although
this entails some simplification, control of the beam, finite element
model (FEM) concisely and persuasively demonstrates the reduced-
order model (ROM)/residual mode filters (RMF) constructive de-
sign on a challenging problem. Furthermore, we take care in our
reduction to faithfully image, as far as possible, the original truss
design given by Sutter and Bush.4
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Modeling of the Three-Dimensional Truss Crane
Controller design for a linear, flexible crane begins with the

development of a FEM. We simplify the three-dimensional truss
structure of the space crane to Timoshenko beam elements. The
properties for the component pieces of the truss appear in Ref. 4.
Combining this with mass distribution data,5 we construct a fi-
nite element beam model, 22 elements in all, with one element for
each bay of the space crane. Component properties of the truss are
transformed to beam material properties based on an average truss
cross-section. We assume linearity of the system under small angle
rotations.

Comparing the fundamental frequency of the beam FEM with
data for the full three-dimensional truss FEM,6 one can see that the
simplified model captures the low-frequency characteristics of the
truss (Table 1) for every configuration. The fundamental frequencies
of the two models differ by about 16% for each of the separate
comparison configurations.

The Timoshenko beam, lumped model in physical coordinates q,
has the following form:

Mq + Dq + Kq = Bu, y = Cq + Eq (1)

The damping in any space structure is rather poorly known, and
expected to be quite small. We assume a slight amount of Rayleigh
damping, introduced as

D = (2)

Mode shapes 0A and mode frequencies a)k are calculated from the
generalized eigenproblem for Eq. (1):

(K - k=\, ,H (3)

where M and K are both symmetric, positive semidefinite (with
M positive definite), and have dimension H equal to the number of
degrees of freedom (DOF) in the physical model. Modal coordinates
z are obtained by the transformation

(4)

where 4> = [0i, . . . , 0//]. Typically, the number L of modes com-
puted is much smaller than the number of DOF H included in the
physical model; i.e., L <^ H. This is done largely to avoid the
accumulation of roundoff error in the calculation.

135



136 BANSENAUER AND BALAS: REDUCED-ORDER MODEL BASED CONTROL

Table 1 Fundamental frequency comparison for
different configurations

Configuration Three-dimentional Truss, Hz Timoshenko, Hz Error %

Straight beam
Joint 3 @ 90 deg
Joint 2 @ 90 deg
Joint 1 @ 90 deg

0.135
0.136
0.103
0.085

0.156 Hz
0.160 Hz
0.119 Hz
0.110 Hz

15.7
16.0
15.5
15.5

MOBILE
TRANSPORTER

WITH RMS

MARS VEHICLE

Fig. 1 Space crane operation.

JOINT 1 ROTATION LINEAR
NGLE ACTUATOR

MOBILE
TRANSPORTER

Fig. 2 Space crane truss schematic.
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Fig. 3 Space crane open-loop eigenvalues.

To extract a subset of the system's eigenvalues and eigenvectors,
we use an orthogonalized factorization technique. The computa-
tional procedure developed by R. Quan7 generates the eigensolu-
tion based on the same FEM used for simulation. We compute the
40 lowest eigenvalues and corresponding eigenvectors to form an
80th-order truth model of the crane. Note, although we use only
the truth model to establish our controller design, we simulate the
control law in closed loop with the full FEM. For a fixed crane
configuration, 45-deg rotation at each articulating joint, the system
frequencies range from 0.22 Hz to approximately 50 Hz and include
the rigid-body motion about the alpha joint (Table 2). Choosing
arbitrary Rayleigh damping coefficients (2), OL\ = 0.0 and ot2 =

_______Table 2 Truth model frequencies: open loop

No. Frequency, Hz No. Frequncy, Hz No. Frequency, Hx%

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

0.0000
0.2265
0.6814
0.7763
2.9933
3.3540
6.4643
7.8548
8.8751
9.0972
10.2061
11.2291
12.0387
13.3464
15.4645

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

16.6770
19.1716
19.6277
22.5866
24.4778
24.7680
27.0980
27.4893
30.9682
31.9421
32.9381
34.7419
35.9054
37.7010
38.4024

31
32
33
34
35
36
37
38
39
40

39.4281
39.6715
41.1958
43.1608
43.8706
46.2857
46.4850
48.6184
50.0688
51.1199

0.0005, we generate the open-loop system eigenvalues shown in
Figure 3.

Fixed-Configuration Controller Design
The analysis and design of the low-order controller is based on

the eigenvalue truth model. We handle all of the design and system
analysis with the MATLAB™ software package. Let us begin with
an overview of our design approach for the fixed crane controller.

First, a ROM is selected from the truth model modes; the modes
most important to the performance of the structure are collected into
the ROM, as indicated in the following discussion. For this study,
we define "performance" as end-effector placement via rotation of
the fixed shape crane about the alpha joint. Given our global reposi-
tioning objective, we propose that the modes critical to closed-loop
performance are the low-frequency ones, most excitable through the
base alpha joint. Understand that by using only the base alpha joint
actuator, we cannot affect some of the crane's torsional or bend-
ing modes: those mode shapes out of plane with respect to actuator
motion. However, we directly affect the system's only rigid-body
mode, which governs the global angular position of the crane. This
suffices to demonstrate the benefits and limitations of our nonitera-
tive, low-order controller design.

Consider the continuous-time system in modal coordinates z\

z + o?2Az + Az = BQu, y = CQz + EQz (5)

where A = diagOj , . . . , co2
L] (see Appendix A); BQ defines how the

actuators affect the modes, and C0 and EQ describe sensor output
in modal terms. In modal coordinates, each open-loop mode is de-
coupled from all others. Therefore, the selection of the modes most
critical to the desired system performance is relatively easy.

The controllability gramian provides a measure for comparing
each mode's excitability, i.e., its relative effect on system perfor-
mance. Looking within the spectrum of low-frequency modes, we
collect different modes into a test model and examine the singular
values of the model's gramian. Based on each mode's relative ef-
fect on performance, we choose the 1st (0.00 Hz), 3rd (0.68 Hz),
5th (3.0 Hz), and 14th (13.3 Hz) mode. These modes form the
ROM ZN'-> all others we consider residual modes ZR. Among the
low-frequency modes, those having mode shapes out of plane with
respect to actuator motion are excluded from the ROM. Again, the
singular values of each mode's controllability gramian provide the
measure of actuator sensitivity. We found that, although the 14th
mode is separated in frequency from the others, its mode shape is
excitable via the base alpha joint.

Let

XN = . .and XR =

then the system in state-space form becomes

XN = ANXN + BNU XR — ARXR + BRU

y = yN + yR = CNXN + CRXR
(6)
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Note that dim(zyv) = N, dim(zR) = R =» dim(z) = N 4- R = L;
thus dim(xN) = 2N and dim(xR) — 2R. The input/output char-
acteristics of the eighth-order model are compared with the truth
model in Fig. 4 .

The design of the ROM-based controller uses a linear quadratic
regulator (LQR) augmented with an estimator. The LQR/estimator
approach is sensitive to parameter variations from structure to con-
troller design model. No doubt, this will affect the actual system's
closed-loop performance. However, the control model uses rela-
tively few, low-frequency modes, which generally have well char-
acterized modal information.

For the LQR design, states are weighted to minimize the position
error at the end-effector. Define a cost function as

j= r'
"Jo y"

/

OO

(*'NC'H
.

QyN + u'Ru)dt

QCNxN + u'Ru)dt
(7)

where Q and R are symmetric and positive definite. We then define
QN = C'NQCN+e /(with 7 the identity matrix and e > 0), to ensure
the positive definiteness of QN. Our standard quadratic regulator
cost function becomes

J = (8)

Making use of the deterministic separation principle, we design
the control law in two parts: ROM state estimator gains KN, and
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Fig. 4 Frequency response: actuator to tip sensor % (x-position).

ROM state feedback regulator gains GN. The resulting eighth-order
controller follows:

(9)
= ANxN + BNu + KN(y - yN)

The LQR design of the controller yields the regulator and estimator
gain matrices given in Appendix B, with their design pole positions
shown in Fig. 5. The ROM controller would perform perfectly (i.e.,
with the closed-loop characteristics of the designed poles AN +
BNGN and AN — KNCN), if the system to be controlled were only
the four modes collected into the ROM.

However, because our low-order controller knows nothing about
the residual modes z/?, it can interact adversely with some of them.
Indeed, from analysis of the truth model in closed loop with the
ROM controller,

XN~\ r AN + B^GM B^G^
eN \ = \ 0 AN-KN(

_XR J L BR&N BRGN

o ir^i
KNCR \\ eN \

AR J L*/J

(10)

where eN = XN — XN , we find that residual mode interaction (RMI)
degrades system performance, destabilizing the closed loop.

Residual Mode Compensation
Examine the eigenvalues (Fig. 6) of the truth model in closed

loop with the ROM controller. Most apparent is an unstable mode
at approximately 47 rad/s or 7.5 Hz. Also, note the ROM mode's
loss of stability margin from the original design.

With RMFs, we can compensate for RMI, restoring system sta-
bility and performance. An iterative method of design might rese-
lect the ROM to include the RMI-sensitive mode. Recall, though,
that we based the choice of our ROM on performance specifica-
tions. The mode driven unstable has little relevance to how the sys-
tem performs, except in its effect on closed-loop stability. In fact,
the sensitive residual mode is difficult to affect with our actuator,
so a control law that included it would require much more gain.
Higher gain would introduce greater RMI into the system, con-
ceivably destabilizing another residual mode. Thus, iterating over
a larger and larger ROM in no way guarantees arriving at a sta-
ble, low-order controller, yet it requires a total redesign at each
iteration.

Instead, start with the premise that the ROM-based controller has
been effectively designed to establish the necessary performance
of the system. Therefore, no redesign of the ROM control law is
needed. To remove the de-stabilizing RMI, add second-order resid-
ual mode filters around the ROM controller (see Fig. 7). The ad-
dition of RMF compensation is straightforward, noniterative, and
experimentally tested.8 Its only difficulty involves ascertaining all of
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Table 3 Residual modes for RMF compensation

Mode

8
15
17
27
29

Pole location

-0.609 ±j 49.3
-2.360 ±jf 97.1
-3.628 ±j 120.4
-11.913 ±7 218.0
-14.028 ±7 236.5

Frequency, Hz

7.855
15.465
19.172
34.742
37.701

80thOrder Modal Model
of the Space Crane

Fig. 7 Space crane linear controller schematic.
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Fig. 8 ROM/RMF control, closed-loop eigenvalues.

the modes defined1 as Q-modes; analytical and experimental meth-
ods to identify these modes have gained ground on this point.9'10

Once uncovered, the compensation of all Q-modes guarantees the
closed-loop stability of the composite controller/compensator1; see
Appendix C for an abbreviated proof.

RMF design, then, primarily consists of choosing the residual
modes to compensate; we construct the RMFs to model residual
modes extremely susceptible to interaction with the ROM controller.
By examining the terms in Eq. (10) that couple the control law to
the residual modes, BRGN and KNCR, we select the most affected
residual modes. To ensure we have included all Q-modes, we analyze
the closed-loop system without these sensitive modes; its eigenval-
ues have been shown2 to determine the stability of the combined
ROM/RMF controller. The procedure is constructive, not iterative:
remove another highly affected mode, and test the remaining modes
in closed loop for stability. No redesign of the original ROM con-
troller occurs.

Initially we select five modes from among the residuals (Table 3).
The eigenvalues of the ROM with RMI compensation (Fig. 8), show
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Fig. 9 ROM/RMF control—one residual mode filter.

that the RMFs stabilize the closed loop and restore stability margin
to the ROM modes. Although five residual mode filters produce an
acceptable design, we experiment with different subsets of these
modes. Compensating only the 7.9-Hz mode actually stabilizes the
system (Fig. 9), but the stability margin of the ROM modes decreases
slightly.

Finally, the ROM controller with RMF compensation remains as
implementable in real-time as the ROM controller alone. The addi-
tion of several RMFs leaves the ROM controller unchanged; residual
mode filters operate in an inherently parallel fashion, and are simple,
second-order filters. However, because they contain mode shape, as
well as frequency information, they do not merely notch a frequency.
By reproducing and canceling the contribution to sensor output from
troublesome residual modes, RMFs restore the degraded perfor-
mance characteristics of the ROM controller, while stabilizing the
system. Conceptually, RMF compensation makes the structure seem
more like the design model to the ROM controller. The low-order
controller views the structure through a pair of rose-colored glasses.
Thus, we present the constructive design, and the analysis of an
eighth-order ROM with RMF compensation to control an 80th-order
plant.

Simulation Results
We employ two computational packages for the simulation of

our fixed-crane system. The linear simulation7 allows the addi-
tion of a linear, continuous time control law to close the loop
around a FEM. It uses an unconditionally stable integration al-
gorithm; unbounded output represents strictly controller-induced
instability. The nonlinear package,11 however, can only simulate
the FEM's open-loop response. We first compare an independent
FEM for each simulation routine, using open-loop responses to
a small initial velocity. The crane is configured in the v-z plane,
with an out-of-plane velocity prescribed at the tip. Time traces
for two configurations, a straight arm and our controller design
configuration, appear in Figs. 10 and 11. Here, the locked con-
figuration crane operates well within its linear range. The traces
show the compatibility of the two FEMs under identical initial
conditions.

Simulation of the linear controller, in closed loop with the FEM
provides further insight into the ROM/RMF design. Here we com-
pare traces for the ROM-based control law, with and without com-
pensation. Recall analysis of the truth model with ROM control
reveals an unstable mode at 7.5 Hz. Simulation of the FEM with
ROM control bears the analysis out; the angular velocity about
the Z axis (Fig. 12a) illustrates the destabilizing effect of RMI.
Compensating for five residual modes (Fig. 12b) restores system
stability.

Notice however (see Table 3), we never filter the 7.5-Hz signal;
RMF design uses only modal information extracted from the orig-
inal model, or, in some cases, obtained experimentally. Whether or
not we add RMFs, the simulation shows a 7.5-Hz mode excited
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Fig. 12 Closed-loop tip velocity (x direction) with and without RMI
compensation.

by the ROM controller during its first second of operation (see
Fig. 12). However, with RMF compensation the excitation de-
cays as it would in the open-loop system; without it, the resid-
ual mode interacts with the ROM controller and the oscillation
grows. The performance of the ROM/RMF controller stands out in
comparison to the open-loop system given the same step command
(Fig. 13).
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Fig. 13 Tip response to a small angle slue command.

Conclusions
Most of the work to date for control of the space crane5'12 assumes

that it either moves very slowly or that it is very stiff. Both of these
rigid-body assumptions are good starting points; however, it seems
clear that the flexible nature of the crane must now be considered. We
begin the design of a control algorithm for the fixed configuration
crane by developing a beam model to capture the low-frequency
behavior of the full three-dimensional truss.

Next, we step through the design of both the ROM controller
and RMF compensation. We discuss the details of selecting ROM
modes, as well as those residuals needing compensation. The pro-
gressive method of design, which constructs a ROM control law for
performance then compensates for stability, proves simple and ef-
fective. This general ROM design, distinguishing performance from
stability, sets it apart from other ROM based approaches.

We examine the FEM using results from a linear and nonlinear
simulation procedure for the open-loop system. Traces from the lin-
ear, closed-loop simulation give deeper insight to the nature of RMF
compensation, i.e., RMFs do not notch out undesirable frequen-
cies but extend the reduced-order control model without iterating.
Lastly, this work demonstrates again the applicability of ROM/RMF
control on a sizable model of a most interesting, large-space
structure.
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Appendix A: Truth Model

Table Al A diagonal entries

No.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

Entry

0.0000^-00
2.025 le+00
1.83280+01
3.5372^+02
2.3790^+01
4.4412^+02
2.4357^+03
1.64970+03
3.2672^+03
4.1123^+03
3.1096e+03
7.0322^+03
9.4414^+03
4.9779^+03
5.7216^+03

No.

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Entry

1.45100+04
1.09800+04
1.5209^+04
2.4218^+04
2.0140^+04
2.9832^+04
2.3654^+04
2.8989^+04
4.0280^+04
1.03170+05
9.8968^+04
9.33170+04
4.7651^+04
8.5307^+04
8.4577^+04

No.

31
32
33
34
35
36
37
38
39
40

Entry

5.6113^+04
6.1372e+04
7.5981^+04
7.3542^+04
6.6999^+04
6.2132^+04
3.7861^+04
5.8221^+04
5.0895^+04
4.2831^+04
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Table A2 BQ entries for alpha joint actuator

No.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

Hub angular positiion

2.23710-04
-8.23970-19

6.37170-04
7.31590-04
1.2802*- 19

-2.52020-18
6.36790-04
4.17680-19
1.37230-04
1.3 164*-03

-2.53430-17
-3.93240-03

5.85120-03
1.5290^-17

-2.16330-17
1.70720-03

-1.49630-17
1.83140-17

-1.10430-03
5.39380-18

-6.60710-03
3.45490-17
1.64840-18

-8.42930-03
-3.36220-03

2.90670-03
1.27780-03

-4.19090-03
-3.08280-03
-2.53400-03
-8.84980-03

1.99250-03
-8.56310-10

2.77780-09
6.08080-11

-2.05250-11
-2.02240-16
-1.95530-12

2.63990-15
-8.38350-17

Entry

2.23710-04
-8.24030-19

6.37170-04
7.31590-04
1.20330-19

-2.54330-18
6.36780-04

-9.96620-19
1.37230-04
1.31640-03

-1.80070-17
-3.93230-03

5.8510^-03
6.52550-18

-2.97520-18

Table

Joint 1 X-position

-1.67870-09
-3.40160-18

7.01610-04
4.22690-03

-1.11770-17
3.92690-18

-2.17830-02
7.07600-17
1.04520-03

-1.72580-02
1.83740-17
2.22320-02

-2.02930-02
-1.58060-17

3.54000-18
-2.88640-03
-2.48870-17

9.22770-18
4.84510-03
3.23763-18
1.54020-02
3.36870-17

-1.29360-17
2.39990-02

-7.55530-05
-1.04310-02

8.87550-03
1.28640-02

-1.36090-02
-1.42070-02

1.37400-03
-1.17060-02
-6.23540-10

2.00750-09
4.32420-11

-1.44610-11
1.64420-17

-1.36900-12
1.97450-15
6.66670-18

No. Entry No.

16 1.70710-03 31
17 9.75500-18 32
18 -1.48860-18 33
19 -1.10420-03 34
20 5.82070-18 35
21 -6.60650-03 36
22 -9.39940-18 37
23 -1.80590-17 38
24 -8.42820-03 39
25 -3.36110-03 40
26 2.90580-03
27 1.27740-03
28 -4.19030-03
29 -3.08200-03
30 -2.53330-03

A3 Co entries for position sensors

Joint 3 X-position Tip F -position

1.14570-02 -2.34710-18
-1.83410-17 -3.08560-03

2.03540-02 4.63020-18
-2.21180-02 -9.09740-19

2.17610-17 -1.59050-02
-2.94210-17 6.95600-03
-4.30210-03 1.37870-17

3.51640-17 5.53810-03
-8.19830-03 -3.42520-17
-9.32710-03 -7.75440-18
-8.33740-17 4.91360-03
-1.48350-02 -1.14770-17
-7.78750-03 1.75100-17

6.44870-18 7.25310-03
-3.42660-18 -1.19220-04
-2.20890-02 - 1 .49220-18

3.68440-19 -8.19630-03
2.90630-18 2.12550-03
8.12900-03 -8.44570-18
2.50390-17 3.89900-04

-1.31830-02 5.73470-18
-1.54380-17 -4.22130-03
-3.27780- 17 -6.79990-04
-1.97890-03 9.18130-18

1.20910-02 -2.56020-07
7.92780-03 -5.75630-08
1.33370-02 -1.96610-08
2.13630-02 5.84640-18

-3.27310-03 9.02070-11
1.24310-03 -3.35470-10

-1.03210-03 7.97020-18
1.47800-02 1.31090-15
5.38610-09 -1.47060-03

-1.72490-08 1.01330-02
-3.68710-10 4.76610-03

1.23000-10 -2.17070-03
4.89540-18 -3.41100-03
1.16310-11 -3.03850-03

-1.68330-14 2.54610-03
6.68000-17 -3.99670-03

Entry

-8.84830-03
1.99220-03

-8.56030-10
2.77690-09
6.07890-11

-2.05190-11
-7.65600-18
-1.95450-12

2.85670-15
-2.44950-17

Tip Z-position

-1.25330-17
-1.64760-02
-1.19430-17
-7.32440-18
-1.56640-03

4.14620-03
-3.30250-18
-7.77700-04
-7.41590-17
-1.83530-17

1.00270-02
-6.78260-18

6.86890-18
2.74140-03
7.34910-03
3.46590-19

-1.51170-03
-4.97320-03

2.88930-18
-2.90470-03

1.33980-18
4.35790-03

-1.94410-03
-1.09670-17

3.18430-07
7.16820-08
2.45440-08
3.92750-20

-1.13420-10
4.22680-10

-1.13190-17
-1.57330-15

1.07680-03
-9.93760-03
-5.28920-03
-3.01540-03

4.07230-03
-1.42800-03
-3.61960-03

1.57650-03

Tip X-position

1.62030-02
-6.78030-18
-1.02640-02

5.97630-03
-7.38120-18
-4.47110-18

4.69410-03
4.38110-18

-7.88920-03
-9.96230-03
-7.53660-17
-6.62620-03
-3.93530-03
-1.64470-18
-1.25740-18

5.22190-03
-3.39260-18

3.80810-18
-4.75270-04

5.24550-19
9.74410-04
1.64510-18
2.63380-18

-8.77260-04
-1.83750-04
-1.31470-04
-4.19490-04

1.12460-03
3.98400-04

-6.03650-04
-3.06160-05

3.59590-04
-9.19470-11

2.93030-10
6.21230-12

-2.06450-12
-1.46780-18
-1.94780-13

2.79370-16
-9.72320-19

Note: EQ = 0.

Appendix B: Controller Gains
Table Bl Regulator and estimator gains

Regulator Gains

-8.82560 + 05
-2.58440 + 05
-4.11540 + 05

6.26370 + 04
-4.63080 + 05

9.87480 + 04
5.71670 + 02
1.31980 + 03

Esimator Gains (x 104)

0.0016
0.0064
0.0050

-0.0059
0.0068
0.0304

-0.0531
-0.0028

0.0037
0.0180
0.0207
0.0336
0.0178
0.0941

-0.1472
0.0842

0.0513
0.0978

-0.0395
-0.0202

0.2095
0.3082

-1.5721
-0.7657

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0812
-0.0558

0.0099
-0.0102

0.3820
-0.2022

0.4445
-0.1077
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Appendix C: Abbreviated Stability Proof for
ROM/RMF Controller

The proof here continues from our examination of the closed-loop
system in under "Fixed-Configuration Controller Design." Define
AC as the system matrix of Eq. (10); this describes the ROM con-
troller (9) in closed-loop with the plant (6). If AC is of reasonable
size, we compute its eigenvalues to determine closed-loop stability.
Otherwise, we can use perturbation techniques.

Because the controller is based on a ROM, it interacts with un-
modeled structure dynamics, represented here as the residual modes
of (6). Controller/structure interaction occurs through the terms
BRGN and KNCR; RMI can cause deterioration of the design per-
formance, reduced stability margin and even instability. Should the
analysis of the matrix AC show the closed-loop system to be stable,
with an acceptable stability margin in the ZN modes, then the design
is finished. Often however, we must provide compensation for RMI.

RMI occurs as a result of the controller's limited knowledge of
the plant, and thus is inevitable whenever we discard residual modes
from the control model. However, some residual modes interact
more severely with the ROM controller than others. Consider an
alternative partitioning of the open-loop, modal system (5), which
discriminates these modes. We keep the same ROM modes (ZN)',
the original ROM controller gains (G^KN) are left unchanged. But
we select some modes (ZQ) and group them separately from the rest
of the residual modes (ZR). The state-space representation of the
open-loop system follows:

Compiling the closed-loop system matrix A*c for the structure
(Cl) under ROM/RMF control (C3), we have

XN = ANxN + BNu

XQ = AQXQ + BQU

XR = ARXR + BRU

y = yN + JQ + yn
+ CRxR

(Cla)

(Clb)

(Clc)

(Cld)

Observe that the system dimensions become dim(xN) = 2N,
dim(;cG) = 2<2, dim(xR) = 2R where N + Q + R = L.

The Q-modes are often the structural modes most affected by
RMI, and thus can be easily extracted from among the other resid-
ual modes based on their behavior under closed-loop, control sta-
bility analysis. To understand the definition of these troublesome
modes, consider that we want the closed-loop system consisting of
the structure without the XQ modes (Cla) and (Clc), together with
the original ROM controller (9), to be stable. Therefore, we define
as Q-modes all the modes we must remove from the closed-loop
system to stabilize it.

In other words, since Ac is not stable, begin to remove the residual
modes affected most by RMI until the pared-down system becomes
stable. Redefine all "deleted" residual modes as XQ, and all that
remain in the new, stable closed-loop matrix as XR. Note that we
have changed the definition of A#, BR, and CR\ they represent the
original residuals given in (10) but with the Q-modes extracted. Once
the Q-modes are resolved, the RMF design is easily completed. The
RMF takes shape as a parallel bank of second-order filters, with AQ
stable:

XQ = AQXQ + BQU
(C2)

Now we examine the structure in closed-loop with the ROM con-
troller (9) and the RMF compensator (C2), as shown in Fig. 7. First,
append the ROM with the RMF to obtain the new controller:

(C3)
= ANxN + BNu + KN(y - y)

y = yN + yQ = CNXN + CQXQ
The innovations term that updates the estimator is now (y — yN — yo)
instead of (y — y^)'-, thus, input to the ROM controller is screened
from the effect of Q-modes.

eN
XR

AN +

BQGN

0

0 0
<NCR 0
AR 0

0 AQ

0 0

eN
XR
XQ

where e^ ^
definitions:

At, =

(C4)

= XQ — XQ . Next, consider the following

AR

o
BQGN 0]

xc = [XN eN XR xQ eQ]f

Now the overall structure of the closed-loop system

xc =
0

0 0

0

(C5)

(C6)

reveals a block zero form. As a result, det(s/ — A*c) =
det(s/ - A*n)del(sl - AG)det(s/ - AQ). Thus, closed-loop sta-
bility depends entirely upon the stability of A*, and AQ.

First of all, the upper left block, A*p of the system matrix rep-
resents the structure with XQ modes deleted, (Cla) and (Clc), in
closed-loop with the ROM controller (9). But from the definition of
Q-modes, we know that the closed-loop system associated with A*{
is stable. Secondly, all residual modes must necessarily have some
inherent, open-loop damping. Remember, they were not collected
into the ROM, and therefore were not defined as critical to system
performance. Because the Q-modes are selected from among resid-
ual modes, the open-loop system (Clb) must be stable, and thus AQ
must be stable. This completes the abbreviated proof of ROM/RMF
stability.

One final point concerns the performance of this ROM/RMF con-
troller (C3). Recall that the initial partitioning of the plant (6) gathers
together all modes (ZN) critical to our performance objective. The
ROM-based control works to shape the output of these modes, but its
interaction with residual modes impairs its effectiveness. By com-
pensating for RMI, the ROM/RMF controller not only guarantees
closed-loop stability, but also improves the integrity of the designed
performance.
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